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Abstract
The Cauchy problem of one-dimensional fourth-order nonlinear Schrödinger equation related
to the vortex ﬁlament is studied. Local well-posedness for initial data in Hs(R)(s 12 ) is
obtained by the Fourier restriction norm method under certain coefﬁcient condition.
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1. Introduction
We investigate the Cauchy problem for fourth-order Schrödinger equation which
describes the motion of the vortex ﬁlament
it u+ 2xu+ 4xu = F(u, u¯, xu, xu¯, 2xu, 2xu¯), (x, t) ∈ R× R, (1.1)
u(x, 0) = u0(x) ∈ Hs, x ∈ R, (1.2)
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where  is non-zero real constant, the nonlinear term F(u, u¯, xu, xu¯, 
2
xu, 
2
xu¯) is
given by
F = − 12 |u|2u+ 1|u|4u+ 2(xu)2u¯+ 3|xu|2u+ 4u22xu¯+ 5|u|22xu
with 1 = − 34 , 2 = −2 + 2 , 3 = −4 − , 5 = −2 + , where  is also real
constant.
We consider the three-dimensional motion of an isolated vortex ﬁlament, which is
embedded in inviscid incompressible ﬂuid fulﬁlled in an inﬁnite region.
We denote the centerline of the vortex ﬁlament by X = X(x, t), represented as
functions of arc length x and time t. Let (, ) be the curvature and torsion, and let
(t,n,b) be the Frenet–Serret frame of the centerline of the vortex ﬁlament, respectively.
Then X satisﬁes following equation:
tX = b, (1.3)
where  is real constant. In [12], Da Rios introduced the model for the motion of the
vortex ﬁlament by using “localized induction approximation”.
To describe the motion of an actual vortex ﬁlament precisely, some detailed models,
which take into account of the effect from higher-order corrections of the equation,
have been introduced by several authors.
Fukumoto–Moffatt [3] proposed the model:
tX = {b+ [(2(x)+ x)n + (2 − 2x)b+ 2t] + 3b}, (1.4)
where ,  and  are real constants.
The Hasimoto transform (see [4]) is deﬁned by
u(x, t) = (x, t)ei
∫ x
0 (y,t) dy . (1.5)
The Eq. (1.4) is transformed into the fourth-order nonlinear Schrödinger equation by
the Hasimoto transform
it u+ 
{
2xu+
1
2
|u|2u
}
+ A(t)u− 
{
4xu+
3
2
(|u|22xu+ (xu)2u¯)
+
(
3
8
|u|4 + 1
2
2x |u|2
)
u
}
+ 
(
+ 
2
){
2x(|u|2u)+
3
4
|u|4u
}
= 0, (1.6)
where A(t) is an arbitrary function of t.
Recently, Segata [13] showed that the Cauchy problem (1.1)–(1.2) is locally well-
posed for data in Hs(s 12 ) under the conditions:  < 0 and − 2 = 0. The restriction
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 < 0 and − 2 = 0 is required only for technical reasons. However, the case − 2 = 0
corresponds to the non-complete integrable case of the equation.
In the paper, we prove that Cauchy problem of (1.1)–(1.2) is locally well-posed in
Hs(s 12 ) only with the condition − 2 = 0. The condition  < 0 is killed successfully.
Therefore, the real constant  can be arbitrary.
We use the Fourier restriction norm method and the contraction mapping principle.
The Fourier restriction norm method was ﬁrst introduced by Bourgain [2] to study the
KdV and Nonlinear Schrödinger equations in the periodic case. It was simpliﬁed by
Kenig et al. [6,7] to investigate the general case. The method is not always applicable
to any nonlinear dispersive equation. In fact, Molinet et al. [10] showed that it is
impossible to obtain the solvability in Hs (s ∈ R) for a dispersive equation like
the Benjamin–Ono equation and the intermediate long wave equation by the Fourier
restriction norm method. Therefore, in this paper, it seems difﬁcult to get multi-linear
estimate for the term |u|22xu in (1.1) if  − 2 = 0 by the Fourier restriction norm
method.
We denote
S(t) = F−1x eit (
4−2)Fx, () = 4 − 2, (1.7)
by the unitary operator associated to the linear equation and the phase function, re-
spectively.
It is important to point out that the phase function () has non-zero singular
points, which makes the problem much more difﬁcult. Therefore, we need use Fourier
restriction operators
PNf =
∫
||N
eixfˆ () d, PNf =
∫
||N
eixfˆ () d, ∀N > 0, (1.8)
to eliminate the singularity of the phase function.
Moreover, the operators will be used to decompose nonlinear term F(u). To deal
with the term, we ﬁrst decompose it as the high frequency part and corresponding low
one as follows
F(u) = PN {F(u)} + PN {F(u)}. (1.9)
Next, we continue to decompose each term in right side of (1.8) as the summation of
those products which consist of each factor acted by the Fourier restriction operators
PN or PN . We will estimate each resulting term with different methods to overcome
the obstacles.
We use its integral equivalent formulation to study the problem (1.1)–(1.2),
u(t) = S(t)u0 − i
∫ t
0
S(t − t ′)F (t ′) dt ′.
We need introduce some notations.
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Deﬁnition 1. For s, b ∈ R, the space Xs,b is deﬁned to be the completion of the
Schwartz function space on R2 with respect to the norm
‖u‖Xs,b = ‖S(−t)u‖HsxHbt = ‖〈〉
s〈− ()〉bFu‖L2L2 ,
where 〈 · 〉 = (1 + | · |). Therefore, the trivial embedding relation ‖u‖Xs1,b1 ‖u‖Xs2,b2
holds if s1s2, b1b2. Denote uˆ(, ) = Fu by the Fourier transform in t and x of
u and F(·)u by the Fourier transform in the (·) variable, respectively.
Denote
∫

d the convolution integral by either form∫
=1+2+3+4+5;=1+2+3+4+5
d1 d2 d3 d4 d5 d1 d2 d3d4 d5,
(1.10)∫
=1+2+3;=1+2+3
d1 d2 d3 d1 d2 d3. (1.11)
Let 	 ∈ C∞0 (R) with 	 = 1 on [− 12 , 12 ] and supp	 ⊂ [−1, 1]. Denote 	(·) =
	(−1(·)) for some  ∈ R.
Denote A ∼ B by the statement: AC1B and BC1A for some constant C1 > 0,
and A>B by the statement: A 1
C2
B for some large enough constant C2 > 0.
Now, the main result is given below.
Theorem 1.1. If  − 2 = 0 and let s 12 , b > 12 be close enough to 12 . Then there
exists some constant T > 0, (1.1)–(1.2) admits a unique local solution u(x, t) ∈
C([0, T ];Hs)⋂Xs,b with u0 ∈ Hs . Moreover, given t ∈ (0, T ), the mapping 
 → u
is Lipschitz continuous from Hs to C([0, T ];Hs).
2. Preliminary estimates
First, we give the following notations
‖f ‖L∞t H sx = ‖‖f ‖Hsx ‖L∞t , FF(, ) =
f (, )
(1+ |+ 2 − 4|) , a = max
(
1,
√
1
||
)
,
‖f ‖Lpx Lqt =
(∫ ∞
−∞
(∫ ∞
−∞
|f (x, t)|q dt
) p
q
dx
) 1
p
,
‖f ‖Lqt Lpx =
(∫ ∞
−∞
(∫ ∞
−∞
|f (x, t)|p dx
) q
p
dt
) 1
q
.
Denote Dsx for the homogeneous derivative of order s with respect to variable x.
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Lemma 2.1. The group {S(t)}+∞−∞ satisﬁes
‖D
3
2
x P
2aS(t)
‖L∞x L2t C‖
‖L2 , (2.1)
‖D−
1
4
x P
aS(t)
‖L4xL∞t C‖
‖L2 , (2.2)
‖D
1
3
x P
2aS(t)
‖L6xL6t C‖
‖L2 , (2.3)
‖P 2aS(t)
‖
L
14
3
x L
14
t
C‖
‖L2 , (2.4)
where the constant C depends on  and may change from line to line.
Remark. In fact, without cutting the low frequencies, Laurey [8] obtained the following
local smoothing effect
∫ T
−T
|D
3
2
x S(t)
|2 dtC(1+ T )‖
‖2L2
and the estimate on the maximal function for s > 1
∫ ∞
−∞
sup|S(t)
|2 dxC(1+ T )‖
‖2Hs .
However, we do not need the two estimates above to prove our results.
Proof. We prove (2.1) ﬁrst. We can obtain from (1.7) that
′() = 43 − 2, ′′() = 122 − 2.
If ||2a,  is invertible, then we have
P 2aS(t)
 =
∫
||2a
eixeit()
ˆ() d
=
∫
|−1|2a
eix
−1
eit
ˆ(−1) 1
′
d
= F−1t
(
eix
−1
{|−1|2a}
ˆ(
−1) 1
′
)
.
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Therefore, by changing variable  = −1 we have
‖P 2aS(t)
‖2
L2t
= ‖F−1t
(
eix
−1
{|−1|2a}
ˆ(
−1) 1
′
)
‖2
L2t
=
∫
|−1|2a
|
ˆ(−1)|2 1|′|2 d.
=
∫
||2a
|
ˆ()|2 1|′()|2
′() d
 C
∫
||2a
|
ˆ()|2 1|′| d
 C‖
‖2
H˙
− 32
.
Therefore, we obtain (2.1).
Next, let us turn to the proof of (2.2). With the key ideas of Theorem 2.5 in [5] in
mind, the ﬁrst inequality below holds and we have
‖PaS(t)
‖2
L4xL
∞
t
C
∫
||a
|
ˆ()|2
∣∣∣ ′()
′′()
∣∣∣ 12 d
C
∫
||a
|
ˆ()|2|| 12 d
C‖
‖2
H
1
4
.
Finally, by interpolation between (2.1) and (2.2), (2.3) and (2.4) is obtained, respec-
tively. For details, we refer to [1]. 
Lemma 2.2. The group {S(t)}+∞−∞ satisﬁes
‖PaS(t)
‖L10x L10t C‖
‖L2 , (2.5)
where the constant C depends on .
Proof. Let  ∈ [0, 1] and (q, p) = ( 4 , 21− ), then by the result of Kenig et al. [5], we
have ∥∥∥∥∫ ||a eit ( xt +())|122 − 2| 4 
ˆ() d
∥∥∥∥
L
q
t L
p
x
C‖
‖L2 .
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Let  = 25 , by Sobolev inequality we have∥∥∥∥∫ ||a eit ( xt +())
ˆ() d
∥∥∥∥
L10t L10x
C
∥∥∥∥∫ ||a eit ( xt +())|122 − 2| 110 
ˆ() d
∥∥∥∥
L10t L
10
3
x
C‖
‖L2 . 
Lemma 2.3 (Van der Corput Lemma; Stein [14]). Suppose  is real-valued and smooth
in (a, b), and that |(k)| > 1 for all  ∈ (a, b). Then
∣∣∣ ∫ b
a
ei() d
∣∣∣Ck− 1k (2.6)
holds when
(i) k2, or
(ii) k = 1 and ′() is monotonic.
The upper bound constant Ck is independent of  and .
Lemma 2.4. For any ﬁxed N with 0 < N < +∞. The group {S(t)}+∞−∞ satisﬁes
‖PNS(t)
‖L10x L10t C‖
‖L2 , (2.7)
where the constant C does depend on N.
Proof.
PNS(t)
 =
∫
||N
eit (
x
t
+())
ˆ() d.
By Lemma 2.3, we have ∣∣∣∣∫ ||N eit ( xt +()) d
∣∣∣∣ C|t |− 14 .
Hence ∥∥∥∥∫||N eit ( xt +())
ˆ() d
∥∥∥∥
L∞x
C|t |− 14 ‖
‖L1x . (2.8)
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We can easily get ∥∥∥∥∫||N eit ( xt +())
ˆ() d
∥∥∥∥
L2x
= ‖
‖L2x . (2.9)
By interpolation between (2.8) and (2.9), we have∥∥∥∥∫ ||N eit ( xt +())
ˆ() d
∥∥∥∥
L
p
x
C|t |− 14 (1− 2p )‖
‖
L
p′
x
.
where 1
p
+ 1
p′ = 1. By duality and the Plancherel identity, we obtain
‖PNS(t)
‖L10x L10t C‖
‖L2 . 
Lemma 2.5. If  > 12 , ∀N > 0
‖PNF‖L2xL∞t C‖f ‖L2L2 , (2.10)
where the constant C does depend on N.
The proof is similar to Lemma 2.2 in [6], the details are omitted here.
Lemma 2.6. If  > 12 5(q−2)4q . Then for 2q10
‖F‖LqxLqt C‖f ‖L2L2 , (2.11)
where the constant C depends on .
Proof. Changing variable  = + (), we have
F(x, t)=
∫ ∞
−∞
∫ ∞
−∞
ei(x+t) f (, )
(1+ |− ()|) d d
=
∫ ∞
−∞
eit
(∫ ∞
−∞
ei(x+t())f (, + ()) d
)
d
(1+ ||) .
By (2.5), (2.7) and Minkowski’s integral inequality and take  > 12 , one is able to
show that
‖F‖L10x L10t C‖PaF + PaF‖L10x L10t
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C
∫ +∞
−∞
‖f (, + ())‖L2
d
(1+ ||)
C‖f ‖L2L2 . (2.12)
Moreover, we have
‖F0‖L2xL2t C‖f ‖L2L2 . (2.13)
Then (2.11) follows from the interpolation of (2.12) and (2.13). 
Lemma 2.7. If  > 2 with  ∈ [0, 1]. Then∥∥∥∥D 32 x P aF∥∥∥∥
L
2
1−
x L
2
t
C ‖ f ‖L2L2 , (2.14)
where the constant C depends on .
Proof. From the argument (2.12) and the inequality (2.1), we have for  > 12 ,
‖D
3
2
x P
2aF‖L∞x L2t C‖f ‖L2L2 . (2.15)
Then (2.14) follows from the interpolation of (2.15) and (2.13). 
Lemma 2.8. If  > 12 . Then
‖D−
1
4
x P
2aF‖L4xL∞t C‖f ‖L2L2 , (2.16)
‖D
1
3
x P
2aF‖L6xL6t C‖f ‖L2L2 , (2.17)
‖P 2aF‖
L
14
3
x L
14
t
C‖f ‖L2L2 , (2.18)
where the constants C depend on .
Proof. From the argument (2.12) and the inequalities (2.2), (2.3) and (2.4), we have
the inequalities (2.16), (2.17) and (2.18) respectively. 
Lemma 2.9. (i) If  > 1124 . Then
‖D
1
2
x P
2aF ‖L6xL4t C ‖ f ‖L2L2 . (2.19)
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(ii) If  > 724 . Then
‖ P 2aF ‖L3xL4t C ‖ f ‖L2L2 . (2.20)
(iii) If  > 38 . Then
‖D
1
4
x P
2aF ‖L4xL4t C ‖ f ‖L2L2 . (2.21)
where the constants C depend on .
Proof. Let  = 23 in (2.14), for  > 13 , we have
‖DxP 2aF ‖L6xL2t C ‖ f ‖L2L2 . (2.22)
Then the interpolation between (2.17) and (2.22) leads to (2.19).
Similarly, (2.20) follows from the interpolation of (2.13) and (2.18); (2.21) follows
from the interpolation of (2.13) and (2.17). 
Lemma 2.10. If f, f1, f2, f3, f4 and f5 belong to Schwartz space on R2, then∫

¯ˆ
f (, )fˆ1(1, 1)fˆ2(2, 2)fˆ3(3, 3)fˆ4(4, 4)fˆ5(5, 5) d
=
∫
f¯ f1f2f3f4f5(x, t) dx dt, (2.23)∫

¯ˆ
f (, )fˆ1(1, 1)fˆ2(2, 2)fˆ3(3, 3) d
=
∫
f¯ f1f2f3(x, t) dx dt, (2.24)
where
∫

d is deﬁned in (1.10) and (1.11).
Proof. We only prove (2.24), (2.23) is similar to (2.24). For simplicity, we only discuss
the case of one variable. In fact, we can obtain∫
=1+2+3
fˆ ()fˆ1(1)fˆ2(2)fˆ3(3) d
=
∫
=1+2+3
̂¯f (−)fˆ1(1)fˆ2(2)fˆ3(3) d
=
∫
1
∫
′2
∫
′3
̂¯f (−3′)fˆ1(1)fˆ2(2′ − 1)fˆ3(3′ − 2′) d1 d2′ d3′
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= ̂¯f ∗ fˆ1 ∗ fˆ2 ∗ fˆ3(0) = F f¯ f1f2f3(0)
=
∫
f¯ f1f2f3(x) dx.
This completes the proof of Lemma 2.10. 
3. Linear estimates
Lemma 3.1 (Kenig et al. [6,7]). Let s ∈ R, 12 < b < 1. We have
‖	(t)S(t)
‖Xs,bC
1
2−b‖
‖Hs . (3.1)∥∥∥∥	(t) ∫ t
0
S(t − t ′)f (t ′) dt ′
∥∥∥∥
Xs,b
C 12−b‖f ‖Xs,b−1 . (3.2)
∥∥∥∥	(t) ∫ t
0
S(t − t ′)f (t ′) dt ′
∥∥∥∥
Hs
C 12−b‖f ‖Xs,b−1 . (3.3)
Lemma 3.2. Let s ∈ R, 12 < b < b′ < 1, < 0 < 1. Then we have
‖	(t)F‖Xs,bC
1
2−b‖F‖Xs,b . (3.4)
‖	(t)F‖Xs,b−1Cb
′−b‖F‖Xs,b′−1 . (3.5)
Proof. We only prove (3.5). For simplicity, we let c = 1 − b, d = 1 − b′, then
0d < c < 12 , it sufﬁces to show that
‖	F‖H−ct C
c−d‖F‖
H−dt
.
By duality, it sufﬁces to show that
‖	g‖Hdt C
c−d‖g‖Hct for ∀g ∈ Hct .
First, by Hölder inequality and Sobolev inequality, we easily obtain
‖	g‖L2t C
c‖g‖Hct .
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Then, by interpolation and the inequality above, we prove that
‖	g‖H˙ dt C‖	g‖
1−
H˙ ct
‖	g‖L2t C
c−d‖	g‖1−H˙ ct ‖g‖

Hct
,  = c − d
c
.
Moreover, for ‖	g‖H˙ ct , we have
‖	g‖H˙ ct C(‖	‖L∞t ‖g‖Hct + ‖(Dc	)g‖L2t ).
For ‖(Dc	)g‖L2t , by Hölder inequality and Sobolev inequality, we have
‖(Dc	)g‖L2t ‖Dc	‖L 1c ‖g‖Hct .
For ‖Dc	‖L 1c , by Hölder inequality (c =
1
2 − (b − c) + b − 12 , for some b > 12 ),
we have
‖Dc	‖L 1c C
b− 12 ‖Dc	‖
L
1
1
2−(b−c)
C.
This completes the proof. 
4. Nonlinear estimates
In this section, we derive the crucial nonlinear estimates based on the preliminary
estimates in Section 2. The constant C, which appear in this section, depend on a.
Deﬁne
 = + 2 − 4, 1 = 1 + 21 − 41, 2 = 2 + 22 − 42,
¯3 = 3 − 23 + 43. (4.1)
From (4.1) and by  = 1+2+3 and  = 1+2+3, we can obtain the following
identity
− 1 − 2 − ¯3
=− 4(− 1)(− 2)
(
5
8
(1 + 2)2 + 14 (
2
1 + 22)
+ 1
2
(− 1
2
1 − 122)
2 − 1
2
)
. (4.2)
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If |− 1|a, |− 2|a, |− 3|a; |1|2a and |2|2a, then (4.2) implies
that,
max{||, |1|, |2|, |¯3|}C|− 1||− 2|(21 + 22).
Without loss of generality, we only consider the case
||C|− 1||− 2|(21 + 22).
For other cases
|j |C|− 1||− 2|(21 + 22), j = 1, 2, and |¯3|C|− 1||− 2|(21 + 22),
we can prove the results similarly in the following theorems.
Theorem 4.1. If s − 12 , 12 < b < 1116 , 12 < b′. Then we have
‖u1u2u¯3‖Xs,b−1C‖u1‖Xs,b′ ‖u2‖Xs,b′ ‖u3‖Xs,b′ . (4.3)
Proof. By duality and the Plancherel identity, it sufﬁces to show that
 =
∫

〈〉s f¯ (, )〈〉1−b Fu1(1, 1)Fu2(2, 2)F u¯3(3, 3) d
=
∫

〈〉s
〈〉1−b∏2j=1 〈j 〉s〈j 〉b′ 〈3〉s〈¯3〉b′ f¯ (, )f1(1, 1)f2(2, 2)f3(3, 3) d
 C‖f ‖L2
3∏
j=1
‖fj‖L2
for all f¯ ∈ L2, f¯ 0, where fj = 〈j 〉s〈j 〉b′ ûj , j = 1, 2; f3 = 〈3〉s〈¯3〉b′ ̂¯u3.
Let
FFj (, ) = fj (, )
(1+ |+ 2 − 4|) , j = 1, 2;
FF 3 (, ) =
f3(, )
(1+ |− 2 + 4|) . (4.4)
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We consider the most interesting case s0, let r = −s. We estimate the integral
 with the upper boundedness ‖f ‖L2L2‖f1‖L2L2‖f2‖L2L2‖f3‖L2L2 by splitting the
integral domain in several pieces.
Let
K(, 1, 2, 3) = 〈1〉
r 〈2〉r 〈3〉r
〈〉r .
Situation I. Assume: ||6a.
Case 1: If | − 1|a or | − 2|a. Without loss of generality, we can assume
|−1|a (we have |1|7a). Then we have 〈2〉 ∼ 〈3〉 which follows that −1 =
2 + 3.
Subcase 1: If 〈2〉 ∼ 〈3〉2a, we have
K(, 1, 2, 3)C.
Then, by Lemmas 2.6 and 2.10,  restricted to this domain is bounded by
C
∫

f¯ (, )
〈〉1−b
f1(1, 1)
〈1〉b′
f2(2, 2)
〈2〉b′
f3(3, 3)
〈¯3〉b′
d
= C
∫
F1−b · F 1b′ · F 2b′ · F 3b′(x, t) dx dt
C‖F1−b‖L2xL2t ‖F 1b′ ‖L6xL6t ‖F 2b′ ‖L6xL6t ‖F 3b′ ‖L6xL6t
C‖f ‖L2L2‖f1‖L2L2‖f2‖L2L2‖f3‖L2L2 .
Subcase 2. If 〈2〉 ∼ 〈3〉2a (we have |2| ∼ 〈2〉 and |3| ∼ 〈3〉). Then for
r 34 , we obtain
K(, 1, 2, 3)C|3|2rC|3|
3
2 .
By Lemmas 2.5, 2.6, 2.7 and 2.10 for b < 1116 ,  is bounded by
C
∫

f¯ (, )
〈〉1−b
|1|7af1(1, 1)
〈1〉b′
f2(2, 2)
〈2〉b′
|3|2a|3|
3
2 f3(3, 3)
〈¯3〉b′
d
= C
∫
F1−b · P7aF 1b′ · F 2b′ ·D
3
2
x P
2aF 3b′(x, t) dx dt
C‖F1−b‖L4xL4t ‖P7aF 1b′ ‖L2xL∞t ‖F 2b′ ‖L4xL4t ‖D
3
2
x P
2aF 3b′ ‖L∞x L2t
C‖f ‖L2L2‖f1‖L2L2‖f2‖L2L2‖f3‖L2L2 .
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Case 2: If |− 1|a and |− 2|a, it follows that 〈− 1〉 ∼ 〈1〉, 〈− 2〉 ∼
〈2〉.
Subcase 1: If |1|2a or |2|2a, without loss of generality, we can assume
|1|2a and |3| = max(|2|, |3|)2a. Then, for r 34 , we obtain
K(, 1, 2, 3)C|3|
3
2 .
The integral  is bounded by
C‖F1−b‖L4xL4t ‖P2aF 1b′ ‖L2xL∞t ‖F 2b′ ‖L4xL4t ‖D
3
2
x P
2aF 3b′ ‖L∞x L2t
C‖f ‖L2L2‖f1‖L2L2‖f2‖L2L2‖f3‖L2L2 ,
by Lemmas 2.5, 2.6, 2.7 and 2.10 for b < 1116 .
Subcase 2: If |1|2a and |2|2a.
If |3|2a, for r2(1− b)+ 13 , we get
K(, 1, 2, 3)
(|− 1||− 2||21 + 22|)1−b
C (|1||2||3|)
r
(|1||2|)2(1−b)
C(|1||2|)
1
3 .
Then, by Lemmas 2.6, 2.8 and 2.10,  is bounded by
C‖F0‖L2xL2t ‖D
1
3
x P
2aF 1b′ ‖L6xL6t ‖D
1
3
x P
2aF 2b′ ‖L6xL6t ‖F 3b′ ‖L6xL6t
C‖f ‖L2L2‖f1‖L2L2‖f2‖L2L2‖f3‖L2L2 .
If |3|2a, for r2(1− b)− 14 and r 32 , we have
K(, 1, 2, 3)
(|− 1||− 2||21 + 22|)1−b
C (|1||2||3|)
r
(|1||2|)2(1−b)
C |3|
3
2
(|1||2|) 14
.
Then, by Lemmas 2.7, 2.8 and 2.10, the integral  is bounded by
∫

f¯ (, )
|1|2af1(1, 1)
〈1〉b′ 〈1〉
1
4
|2|2af2(2, 2)
〈2〉b′ 〈2〉
1
4
|3|2a|3|
3
2 f3(3, 3)
〈¯3〉b′
d
C
∫
F0 ·D−
1
4
x P
2aF 1b′ ·D
− 14
x P
2aF 2b′ ·D
3
2
x P
2aF 3b′(x, t) dx dt
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C‖F0‖L2xL2t ‖D
− 14
x P
2aF 1b′ ‖L4xL∞t ‖D
− 14
x P
2aF 2b′ ‖L4xL∞t ‖D
3
2
x P
2aF 3b′ ‖L∞x L2t
C‖f ‖L2L2‖f1‖L2L2‖f2‖L2L2‖f3‖L2L2 .
Situation II: Assume: ||6a.
Case 1: If | − 1|a or | − 2|a. Without loss of generality, we can assume
|− 1|a (we have |1|5a). Then we have 〈2〉 ∼ 〈3〉2a.
Subcase 1: If 〈2〉 ∼ 〈3〉2a, then
K(, 1, 2, 3)C.
By Lemmas 2.6 and 2.10,  restricted to this domain is bounded by
C‖F1−b‖L2xL2t ‖F 1b′ ‖L6xL6t ‖F 2b′ ‖L6xL6t ‖F 3b′ ‖L6xL6t
C‖f ‖L2L2‖f1‖L2L2‖f2‖L2L2‖f3‖L2L2 .
Subcase 2: If 〈2〉 ∼ 〈3〉2a (we have |2| ∼ 〈2〉 and |3| ∼ 〈3〉), then, for
r 12 , we have
K(, 1, 2, 3)C(|2||3|)rC(|2||3|)
1
2 .
The integral  is bounded by
C
∫

||6af¯ (, )
〈〉1−b
|1|5af1(1, 1)
〈1〉b′
|2|2a|2|
1
2 f2(2, 2)
〈2〉b′
×|3|2a|3|
1
2 f3(3, 3)
〈¯3〉b′
d
= C
∫
P 6aF1−b · P 5aF 1b′ ·D
1
2
x P
2aF 2b′ ·D
1
2
x P
2aF 3b′(x, t) dx dt
C‖P 6aF1−b‖L3xL4t ‖P 5aF 1b′ ‖L3xL4t ‖D
1
2
x P
2aF 2b′ ‖L6xL4t ‖D
1
2
x P
2aF 3b′ ‖L6xL4t
C‖f ‖L2L2‖f1‖L2L2‖f2‖L2L2‖f3‖L2L2 ,
by using Lemmas 2.9 and 2.10 for b < 1724 .
Case 2: If |− 1|a and |− 2|a.
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Subcase 1: If |1|2a or |2|2a, without loss of generality, we can assume
|1|2a and |3| = max(|2|, |3|)2a. Then for r 34 , we have
K(, 1, 2, 3)C|3|
3
2 .
Then, by Lemmas 2.5, 2.6, 2.7 and 2.10 for b < 1116 ,  is bounded by
C‖F1−b‖L4xL4t ‖P2aF 1b′ ‖L2xL∞t ‖F 2b′ ‖L4xL4t ‖D
3
2
x P
2aF 3b′ ‖L∞x L2t
C‖f ‖L2L2‖f1‖L2L2‖f2‖L2L2‖f3‖L2L2 .
Subcase 2: If |1|2a and |2|2a.
If ||>|3| or ||?|3|, we get
max(||, |3|)C max(|1|, |2|)C max(|− 1|, |− 2|).
The above conditions yield the boundedness of  for r(1− b)+ 13
K(, 1, 2, 3)
(|− 1||− 2||21 + 22|)1−b
C (|1||2||3|)
r
||r (|− 1||− 2||1||2|)1−b
C
(
|1||2|(2a + |3|2a|3|)
) 1
3
.
The integral  is bounded by
C
∫

f¯ (, )
|1|2a|1|
1
3 f1(1, 1)
〈1〉b′
|2|2a|2|
1
3 f2(2, 2)
〈2〉b′
× (2a + |3|2a|3|
1
3 )f3(3, 3)
〈¯3〉b′
d
C
∫
F0 ·D
1
3
x P
2aF 1b′ ·D
1
3
x P
2aF 2b′ · (F 3b′ +D
1
3
x P
6aF 3b′)(x, t) dx dt
C‖F0‖L2xL2t ‖D
1
3
x P
2aF 1b′ ‖L6xL6t ‖D
1
3
x P
2aF 2b′ ‖L6xL6t ‖F 3b′ +D
1
3
x P
6aF 3b′ ‖L6xL6t
C‖f ‖L2L2‖f1‖L2L2‖f2‖L2L2‖f3‖L2L2 ,
by using Lemmas 2.6, 2.8 and 2.10.
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If || ∼ |3|, we have the estimate either
min(|1|, |2|)C|| or min 1
C
(|− 1|, |− 2|) ||?min(|1|, |2|).
Then for r(1− b)+ 13 , we have
K(, 1, 2, 3)
(|− 1||− 2||21 + 22|)1−b
C (|1||2||3|)
r
||r (|− 1||− 2||1||2|)1−b
C
(
|1||2|
) 1
3
.
We can get the result similarly with the above.
This completes the proof of Theorem 4.1. 
Theorem 4.2. If s 12 , 12 < b < 1116 , 12 < b′. Then we have
‖x(u1)x(u2)u¯3‖Xs,b−1C‖u1‖Xs,b′ ‖u2‖Xs,b′ ‖u3‖Xs,b′ . (4.5)
Proof. By duality and the Plancherel identity, it sufﬁces to show that
Υ=
∫

〈〉s f¯ (, )〈〉1−b F(xu1)(1, 1)F(xu2)(2, 2)F u¯3(3, 3) d
=
∫

〈〉s |1||2|
〈〉1−b∏2j=1 〈j 〉s〈j 〉b′ 〈3〉s〈¯3〉b′ f¯ (, )f1(1, 1)f2(2, 2)f3(3, 3) d
C‖f ‖L2
3∏
j=1
‖fj‖L2
for all f¯ ∈ L2, f¯ 0, where fj = 〈j 〉s〈j 〉b′ ûj , j = 1, 2; f3 = 〈3〉s〈¯3〉b′ ̂¯u3.
We shall use (4.4) and let
K(, 1, 2, 3) = 〈〉
s |1||2|
〈1〉s〈2〉s〈3〉s .
We consider the interesting case s0 and also split the integral domain in several
pieces.
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Situation I: Assume: ||6a.
Case 1: If |−1|a or |−2|a, we can assume |−1|a (we have |1|7a).
Then we have 〈2〉 ∼ 〈3〉.
Subcase 1: If 〈2〉 ∼ 〈3〉2a, we have
K(, 1, 2, 3)C.
Then by Lemmas 2.6 and 2.10, Υ restricted to this domain is bounded by
C‖F1−b‖L2xL2t ‖F 1b′ ‖L6xL6t ‖F 2b′ ‖L6xL6t ‖F 3b′ ‖L6xL6t
C‖f ‖L2L2‖f1‖L2L2‖f2‖L2L2‖f3‖L2L2 .
Subcase 2: If 〈2〉 ∼ 〈3〉2a (we have |2| ∼ 〈2〉 and |3| ∼ 〈3〉), for s 14
we obtain
K(, 1, 2, 3)C
|2|1−s
|3|s C
|2| 34
|3| 14
. (4.6)
Then Υ restricted to this domain is bounded by
C
∫

f¯ (, )
〈〉1−b
f1(1, 1)
〈1〉b′
|2|2a|2|
3
4 f2(2, 2)
〈2〉b′
f3(3, 3)
|3|2a|3|
1
4 〈¯3〉b′
d
= C
∫
F1−b · F 1b′ ·D
3
4
x P
2aF 2b′ ·D
− 14
x P
2aF 3b′(x, t) dx dt
C‖F1−b‖L4xL4t ‖F 1b′ ‖L4xL4t ‖D
3
4
x P
2aF 2b′ ‖L4xL2t ‖D
− 14
x P
2aF 3b′ ‖L4xL∞t
C‖f ‖L2L2‖f1‖L2L2‖f2‖L2L2‖f3‖L2L2 ,
by using Lemmas 2.6, 2.7, 2.8 and 2.10 for b < 1116 .
Case 2: If |− 1|a and |− 2|a.
Subcase 1: If |1|2a or |2|2a, without loss of generality, we can assume
|1|2a.
If |2|2a, then we get
K(, 1, 2, 3)C.
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Then by Lemmas 2.6 and 2.10, Υ restricted to this domain is bounded by
C‖F1−b‖L2xL2t ‖F 1b′ ‖L6xL6t ‖F 2b′ ‖L6xL6t ‖F 3b′ ‖L6xL6t
C‖f ‖L2L2‖f1‖L2L2‖f2‖L2L2‖f3‖L2L2 .
If |2|2a, then we get
K(, 1, 2, 3)C|2|C|2|
3
2 .
The integral Υ is bounded by
C‖F1−b‖L4xL4t ‖P2aF 1b′ ‖L2xL∞t ‖D
3
2
x P
2aF 2b′ ‖L∞x L2t ‖F 3b′ ‖L4xL4t
C‖f ‖L2L2‖f1‖L2L2‖f2‖L2L2‖f3‖L2L2 ,
by using Lemmas 2.5, 2.6, 2.7 and 2.10 for b < 1116 .
Subcase 2: If |1|2a and |2|2a, we obtain 〈−1〉 ∼ 〈1〉 and 〈−2〉 ∼ 〈2〉.
Then for 12(1− b)+ s + 13 , we have
K(, 1, 2, 3)
(|− 1||− 2||21 + 22|)1−b
C |1||2|
(|1||2|)2(1−b)+s
C(|1||2|)
1
3 .
Then by Lemmas 2.8 and 2.10, Υ restricted to this domain is bounded by
C
∫

f¯ (, )
|1|2a|1|
1
3 f1(1, 1)
〈1〉b′
|2|2a|2|
1
3 f2(2, 2)
〈2〉b′
f3(3, 3)
〈¯3〉b′
d
= C
∫
F0 ·D
1
3
x P
2aF 1b′ ·D
1
3
x P
2aF 2b′ · F 3b′(x, t) dx dt
C‖F0‖L2xL2t ‖D
1
3
x P
2aF 1b′ ‖L6xL6t ‖D
1
3
x P
2aF 2b′ ‖L6xL6t ‖F 3b′ ‖L6xL6t
C‖f ‖L2L2‖f1‖L2L2‖f2‖L2L2‖f3‖L2L2 .
Situation II: Assume: ||6a.
Case 1: If |−1|a or |−2|a, we can assume |−1|a (we have |1|5a).
Then we have 〈2〉 ∼ 〈3〉 and 〈〉 ∼ 〈1〉 (we have || ∼ 〈〉 and |1| ∼ 〈1〉).
Subcase 1: If 〈2〉 ∼ 〈3〉2a, then we have
K(, 1, 2, 3)C|1|C|1|
3
2 .
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Then Υ restricted to this domain is bounded by
C‖F1−b‖L4xL4t ‖D
3
2
x P
5aF 1b′ ‖L∞x L2t ‖P2aF 2b′ ‖L2xL∞t ‖F 3b′ ‖L4xL4t
C‖f ‖L2L2‖f1‖L2L2‖f2‖L2L2‖f3‖L2L2 ,
by using Lemmas 2.5–2.7 and 2.10 for b < 1116 .
Subcase 2: If 〈2〉 ∼ 〈3〉2a (we have |2| ∼ 〈2〉 and |3| ∼ 〈3〉), then, for
s 12 , we have
K(, 1, 2, 3)C
|1||2| 14
|3| 14
.
Then Υ restricted to this domain is bounded by
C
∫

||6af¯ (, )
〈〉1−b
|1|5a|1|f1(1, 1)
〈1〉b′
|2|2a|2|
1
4 f2(2, 2)
〈2〉b′
× f3(3, 3)
|3|2a|3|
1
4 〈¯3〉b′
d
= C
∫
P 6aF1−b ·DxP 5aF 1b′ ·D
1
4
x P
2aF 2b′ ·D
− 14
x P
2aF 3b′(x, t) dx dt
C‖P 6aF1−b‖L3xL4t ‖DxP 5aF 1b′ ‖L6xL2t ‖D
1
4
x P
2aF 2b′ ‖L4xL4t ‖D
− 14
x P
2aF 3b′ ‖L4xL∞t
C‖f ‖L2L2‖f1‖L2L2‖f2‖L2L2‖f3‖L2L2 ,
by Lemmas 2.7–2.9 and 2.10 for b < 1724 .
Case 2: If |− 1|a and |− 2|a.
Subcase 1: If |1|2a or |2|2a. Without loss of generality, we can assume
|1|2a and |2|2a. From ||3max(|1|, |2|, |3|), we have
K(, 1, 2, 3)C|2|C|2|
3
2 .
Then Υ restricted to this domain is bounded by
C‖F1−b‖L4xL4t ‖P2aF 1b′ ‖L2xL∞t ‖D
3
2
x P
2aF 2b′ ‖L∞x L2t ‖F 3b′ ‖L4xL4t
C‖f ‖L2L2‖f1‖L2L2‖f2‖L2L2‖f3‖L2L2 ,
by Lemmas 2.5–2.7 and 2.10 for b < 1116 .
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Subcase 2: If |1|2a and |2|2a. We split the integral domain into three
sub-domains:
If || ∼ |3|, we have the estimate either
min(|1|, |2|)C|| or min 1
C
(|− 1|, |− 2|) ||?min(|1|, |2|).
Then we obtain, for 1s + 1− b + 13 , that
K(, 1, 2, 3)
(|− 1||− 2||21 + 22|)1−b
C |1||2|
(|1||2|)(s+1−b)
C(|1||2|)
1
3 .
Then by Lemmas 2.6, 2.8 and 2.10, Υ restricted to this domain is bounded by
C‖F0‖L2xL2t ‖D
1
3
x P
2aF 1b′ ‖L6xL6t ‖D
1
3
x P
2aF 2b′ ‖L6xL6t ‖F 3b′ ‖L6xL6t
C‖f ‖L2L2‖f1‖L2L2‖f2‖L2L2‖f3‖L2L2 .
If ||>|3| or ||?|3|, we easily obtain that
max(||, |3|)C max(|1|, |2|)C max(|− 1|, |− 2|).
Then we obtain, for 1s + 1− b + 13 and 12(1− b)+ 13 , that
K(, 1, 2, 3)
(|− 1||− 2||21 + 22|)1−b
C |1||2|
(|1||2|)(s+1−b)
C(|1||2|)
1
3 .
Then Υ restricted to this domain is bounded by
C‖F0‖L2xL2t ‖D
1
3
x P
2aF 1b′ ‖L6xL6t ‖D
1
3
x P
2aF 2b′ ‖L6xL6t ‖F 3b′ ‖L6xL6t
C‖f ‖L2L2‖f1‖L2L2‖f2‖L2L2‖f3‖L2L2 ,
by using Lemmas 2.6, 2.8 and 2.10.
This completes Theorem 4.2. 
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Theorem 4.3. If s 12 , 12 < b < 1116 , 12 < b′. Then it holds that
‖x(u1)u2x(u¯3)‖Xs,b−1C‖u1‖Xs,b′ ‖u2‖Xs,b′ ‖u3‖Xs,b′ . (4.7)
Proof. By duality and the Plancherel identity, it sufﬁces to show that
 =
∫

〈〉s f¯ (, )〈〉1−b F(xu1)(1, 1)Fu2(2, 2)F(xu¯3)(3, 3) d
=
∫

〈〉s |1||3|
〈〉1−b∏2j=1 〈j 〉s〈j 〉b′ 〈3〉s〈¯3〉b′ f¯ (, )f1(1, 1)f2(2, 2)f3(3, 3) d
 C‖f ‖L2
3∏
j=1
‖fj‖L2
for all f¯ ∈ L2, f¯ 0, where fj = 〈j 〉s〈j 〉b′ ûj , j = 1, 2; f3 = 〈3〉s〈¯3〉b′ ̂¯u3.
We shall use (4.4) and let
K(, 1, 2, 3) = 〈〉
s |1||3|
〈1〉s〈2〉s〈3〉s .
Similarly as above, we consider the case s0 and split the integral domain in several
pieces.
Situation I: Assume: ||6a.
Case 1: If |− 1|a or |− 2|a.
First we assume |− 1|a (we have |1|7a). Then we have 〈2〉 ∼ 〈3〉.
Subcase 1: If 〈2〉 ∼ 〈3〉2a, we have
K(, 1, 2, 3)C.
Then  restricted to this domain is bounded by
C‖F1−b‖L2xL2t ‖F 1b′ ‖L6xL6t ‖F 2b′ ‖L6xL6t ‖F 3b′ ‖L6xL6t
C‖f ‖L2L2‖f1‖L2L2‖f2‖L2L2‖f3‖L2L2 ,
by Lemmas 2.6 and 2.10.
Subcase 2: If 〈2〉 ∼ 〈3〉2a (we have |2| ∼ 〈2〉 and |3| ∼ 〈3〉), we have
K(, 1, 2, 3)C
|3|
〈2〉s〈3〉s C|3|
3
2 .
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Then  restricted to this domain is bounded by
C‖F1−b‖L4xL4t ‖P7aF 1b′ ‖L2xL∞t ‖P 2aF 2b′ ‖L4xL4t ‖D
3
2
x P
2aF 3b′ ‖L∞x L2t
C‖f ‖L2L2‖f1‖L2L2‖f2‖L2L2‖f3‖L2L2 ,
by Lemmas 2.5–2.7 and 2.10 for b < 1116 .
Next we can assume |− 2|a (we have |2|7a). Similarly with the case |−
1|a, we can get the desired results.
Case 2: If |− 1|a and |− 2|a, it follows that 〈− 1〉 ∼ 〈1〉, 〈− 2〉 ∼
〈2〉.
If |1|2a or |2|2a, we only assume |1|2a, the case |2|2a is similar to
the case |1|2a. Without loss of generality, we can assume |3|2a. Then we have
K(, 1, 2, 3)C|3|C|3|
3
2 .
Then  restricted to this domain is bounded by
C‖F1−b‖L4xL4t ‖P2aF 1b′ ‖L2xL∞t ‖F 2b′ ‖L4xL4t ‖D
2
3
x P
2aF 3b′ ‖L∞x L2t
C‖f ‖L2L2‖f1‖L2L2‖f2‖L2L2‖f3‖L2L2 ,
by Lemmas 2.5–2.7 and 2.10 for b < 1116 .
If |1|2a and |2|2a, we have the following two case.
Subcase 1: If |3|18a, we obtain, for 13(1− b)+ s + 13 , that
K(, 1, 2, 3)
(|− 1||− 2||21 + 22|)1−b
C|1|
1
3 .
Then  restricted to this domain is bounded by
C‖F0‖L2xL2t ‖D
1
3
x P
2aF 1b′ ‖L6xL6t ‖F 2b′ ‖L6xL6t ‖F 3b′ ‖L6xL6t
C‖f ‖L2L2‖f1‖L2L2‖f2‖L2L2‖f3‖L2L2 ,
by Lemmas 2.6, 2.8 and 2.10.
Subcase 2: If |3|18a, from |3|3max(||, |1|, |2|) and ||6a, we get |3|
3max(|1|, |2|). By 1(1− b)+ s + 13 , we obtain
K(, 1, 2, 3)
(|− 1||− 2||21 + 22|)1−b
C|1|
1
3 |3|
1
3 .
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Then the integral  restricted to this domain is bounded by
C‖F0‖L2xL2t ‖D
1
3
x P
2aF 1b′ ‖L6xL6t ‖F 2b′ ‖L6xL6t ‖D
1
3
x P
18aF 3b′ ‖L6xL6t
C‖f ‖L2L2‖f1‖L2L2‖f2‖L2L2‖f3‖L2L2 ,
by Lemmas 2.6, 2.8 and 2.10.
Situation II: Assume: ||6a.
Case 1: If |− 1|a or |− 2|a.
First, we can assume |− 1|a. Then we have 〈2〉 ∼ 〈3〉.
Subcase 1: If 〈2〉 ∼ 〈3〉2a, we get
K(, 1, 2, 3)C|1|C|1|
3
2 .
Then the integral  restricted to this domain is bounded by
C‖F1−b‖L4xL4t ‖D
2
3
x P
5aF 1b′ ‖L∞x L2t ‖P2aF 2b′ ‖L2xL∞t ‖F 3b′ ‖L4xL4t
C‖f ‖L2L2‖f1‖L2L2‖f2‖L2L2‖f3‖L2L2 ,
by Lemmas 2.5–2.7 and 2.10 for b < 1116 .
Subcase 2: If 〈2〉 ∼ 〈3〉2a (we have |2| ∼ 〈2〉 and |3| ∼ 〈3〉), for s 12 ,
we have
K(, 1, 2, 3)C
|1||3| 14
|2| 14
.
Then  restricted to this domain is bounded by
C‖P 6aF1−b‖L3xL4t ‖DxP 5aF 1b′ ‖L6xL2t ‖D
− 14
x P
2aF 2b′ ‖L4xL∞t ‖D
1
4
x P
2aF 3b′ ‖L4xL4t
C‖f ‖L2L2‖f1‖L2L2‖f2‖L2L2‖f3‖L2L2 ,
by Lemmas 2.7–2.10 for b < 1724 .
Next we assume |− 2|a(|2|5a). Then we have 〈1〉 ∼ 〈3〉.
Subcase 1: If 〈1〉 ∼ 〈3〉2a, we get
K(, 1, 2, 3)C.
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Then  restricted to this domain is bounded by
C‖F1−b‖L2xL2t ‖F 1b′ ‖L6xL6t ‖F 2b′ ‖L6xL6t ‖F 3b′ ‖L6xL6t
C‖f ‖L2L2‖f1‖L2L2‖f2‖L2L2‖f3‖L2L2 ,
by Lemmas 2.6 and 2.10.
Subcase 2: If 〈1〉 ∼ 〈3〉2a (we have |1| ∼ 〈1〉 and |3| ∼ 〈3〉), for s 12 ,
we obtain
K(, 1, 2, 3)C(|1||3|)
1
2 .
Then  restricted to this domain is bounded by
C‖P 6aF1−b‖L3xL4t ‖D
1
2
x P
2aF 1b′ ‖L6xL4t ‖P 5aF 2b′ ‖L3xL4t ‖D
1
2
x P
2aF 3b′ ‖L6xL4t
C‖f ‖L2L2‖f1‖L2L2‖f2‖L2L2‖f3‖L2L2 ,
by Lemmas 2.9 and 2.10 for b < 1724 .
Case 2: If |− 1|a and |− 2|a.
First, we assume |1|2a or |2|2a.
If |1|2a, we can get ||3max(|2|, |3|). Then we have
K(, 1, 2, 3)Cmax(|2|, |3|)Cmax(|2|, |3|)
3
2 .
If |2|2a, we can get ||3max(|1|, |3|). Then, for s 12 , we have
K(, 1, 2, 3)C〈〉s〈1〉1−s〈3〉1−sCmax(|1|, |3|)
3
2 .
We can get the results similarly with Subcase 2 of Case 1 in Situation I.
Next we assume |1|2a and |2|2a. We have the following two Case.
Subcase 1: If ||>|3| or || ?|3|. We have
max(|3|, ||) ∼ |1 + 2|Cmax(|1|, |2|)Cmax(|− 1|, |− 2|),
which follows from the fact − 3 = 1 + 2.
Then for 12(1− b)+ 13 and 1s + 1− b + 13 we have
K(, 1, 2, 3)
(|− 1||− 2||21 + 22|)1−b
C|1|
1
3 |3|
1
3 .
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Without loss of generality, we can assume |3|2a. Then  restricted to this domain
is bounded by
C‖F0‖L2xL2t ‖D
1
3
x P
2aF 1b′ ‖L6xL6t ‖F 2b′ ‖L6xL6t ‖D
1
3
x P
2aF 3b′ ‖L6xL6t
C‖f ‖L2L2‖f1‖L2L2‖f2‖L2L2‖f3‖L2L2 ,
by Lemmas 2.6, 2.8 and 2.10.
Subcase 2: If || ∼ |3|. We have the estimate either
min(|1|, |2|)C|| or min 1
C
(|− 1|, |− 2|) ||?min(|1|, |2|).
Hence, for 12(1− b)+ 13 and 11− b + s + 13 , we get
K(, 1, 2, 3)
(|− 1||− 2||21 + 22|)1−b
C|1|
1
3 |3|
1
3 .
Therefore, the desired result is obtained similarly as above. This completes Theorem
4.3. 
Theorem 4.4. If s 12 , 12 < b < 712 , 12 < b′. Then we have
‖(u1)u22x(u¯3)‖Xs,b−1C‖u1‖Xs,b′ ‖u2‖Xs,b′ ‖u3‖Xs,b′ . (4.8)
Proof. By duality and the Plancherel identity, it sufﬁces to show that
=
∫

〈〉s f¯ (, )〈〉1−b Fu1(1, 1)Fu2(2, 2)F(
2
xu¯3)(3, 3) d
=
∫

〈〉s |3|2
〈〉1−b∏2j=1 〈j 〉s〈j 〉b′ 〈3〉s〈¯3〉b′ f¯ (, )f1(1, 1)f2(2, 2)f3(3, 3) d
C‖f ‖L2
3∏
j=1
‖fj‖L2
for all f¯ ∈ L2, f¯ 0, where fj = 〈j 〉s〈j 〉b′ ûj , j = 1, 2; f3 = 〈3〉s〈¯3〉b′ ̂¯u3.
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We shall use (4.4) and let
K(, 1, 2, 3) = 〈〉
s |3|2
〈1〉s〈2〉s〈3〉s .
We split the integral domain in several pieces.
Situation I: Assume: ||6a.
Case 1: If |−1|a or |−2|a, we can assume |−1|2a (we have |1|7a).
Then we have 〈2〉 ∼ 〈3〉.
Subcase 1: If 〈2〉 ∼ 〈3〉2a, we have
K(, 1, 2, 3)C.
Then by Lemmas 2.6 and 2.10,  restricted to this domain is bounded by
C‖F1−b‖L2xL2t ‖F 1b′ ‖L6xL6t ‖F 2b′ ‖L6xL6t ‖F 3b′ ‖L6xL6t
C‖f ‖L2L2‖f1‖L2L2‖f2‖L2L2‖f3‖L2L2 .
Subcase 2: If 〈2〉 ∼ 〈3〉2a(|2| ∼ 〈2〉 and |3| ∼ 〈3〉). Then for s 14 , we
have
K(, 1, 2, 3)C|3|
3
2 .
Then by Lemmas 2.5–2.7 and 2.10 for b < 1116 ,  restricted to this domain is bounded
by
C‖F1−b‖L4xL4t ‖P7aF 1b′ ‖L2xL∞t ‖P 2aF 2b′ ‖L4xL4t ‖D
3
2
x P
2aF 3b′ ‖L∞x L2t
C‖f ‖L2L2‖f1‖L2L2‖f2‖L2L2‖f3‖L2L2 .
Case 2: If |−1|a and |−2|a, it follows that 〈− 1〉 ∼ 〈1〉, 〈− 2〉 ∼ 〈2〉
and |3|3max(||, |1|, |2|).
Subcase 1: If |3|18a. Then we have
K(, 1, 2, 3)C.
Then we have the result by analogous argument to the Subcase 1 in Case 1 of Situa-
tion I.
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Subcase 2: If |3|18a. Then we get || |3|3max(|1|, |2|).
First, we assume |1|2a or |2|2a. For s 12 we have
K(, 1, 2, 3)C|3|
3
2 .
Then we have the result by analogous argument to the Subcase 2 of Case 1 in
Situation I.
Next, we assume |1|2a and |2|2a. For 22s + 3(1− b)+ 13 , we get
K(, 1, 2, 3)
(|− 1||− 2||21 + 22|)1−b
C|3|
1
3 .
Then  restricted to this domain is bounded by
C‖F0‖L2xL2t ‖F 1b′ ‖L6xL6t ‖F 2b′ ‖L6xL6t ‖D
1
3
x P
18aF 3b′ ‖L6xL6t
C‖f ‖L2L2‖f1‖L2L2‖f2‖L2L2‖f3‖L2L2 ,
by Lemmas 2.6, 2.8 and 2.10.
Situation II: Assume: ||6a.
Case 1: If | − 1|a or | − 2|a, without loss of generality, we can assume
|− 1|a. Then we have 〈2〉 ∼ 〈3〉.
Subcase 1: If 〈2〉 ∼ 〈3〉2a, we get
K(, 1, 2, 3)C.
Then we have the result by analogous argument to the Subcase 1 in Case 1 of
Situation I.
Subcase 2: If 〈2〉 ∼ 〈3〉2a (we have |2| ∼ 〈2〉 and |3| ∼ 〈3〉). then we
have
K(, 1, 2, 3)C|3|
1
2 |2|
1
2 .
Then  restricted to this domain is bounded by
C‖P 6aF1−b‖L3xL4t ‖P 5aF 1b′ ‖L3xL4t ‖D
1
2
x P
2aF 2b′ ‖L6xL4t ‖D
1
2
x P
2aF 3b′ ‖L6xL4t
C‖f ‖L2L2‖f1‖L2L2‖f2‖L2L2‖f3‖L2L2 ,
by Lemmas 2.9 and 2.10 for b < 1724 .
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Case 2: If |− 1|a and |− 2|a.
Subcase 1: First, we assume |1|2a or |2|2a. For generality, we can assume
|1|2a.
(1) If |2|2a, we have  · 3 > 0 which follows from − 3 = 1 + 2, ||6a
and |1 + 2|4a. Moreover, we get |− 1| ∼ ||, |− 2| ∼ || and || ∼ |3|.
From (4.2), we can get for 24(1− b)+ 13
K(, 1, 2, 3)
(|− 1||− 2|(+ 3)2)1−b C|3|
1
3 .
Then  restricted to this domain is bounded by
C‖F0‖L2xL2t ‖F 1b′ ‖L6xL6t ‖F 2b′ ‖L6xL6t ‖D
1
3
x P
2aF 3b′ ‖L6xL6t
C‖f ‖L2L2‖f1‖L2L2‖f2‖L2L2‖f3‖L2L2 ,
by using Lemmas 2.6, 2.8 and 2.10.
(2) |2|2a.
If |2| = max(|2|, |3|), we have ||3max(|2|, |3|) = 3|2|. Without loss of
generality, we can assume |3|2a. Then, for s 12 , we have
K(, 1, 2, 3)C|3|
3
2 .
Then  restricted to this domain is bounded by
C‖F1−b‖L4xL4t ‖P2aF 1b′ ‖L2xL∞t ‖F 2b′ ‖L4xL4t ‖D
3
2
x P
2aF 3b′ ‖L∞x L2t
C‖f ‖L2L2‖f1‖L2L2‖f2‖L2L2‖f3‖L2L2 ,
by Lemmas 2.5–2.7 and 2.10 for b < 1116 .
If |3| = max(|2|, |3|), we have |3| = max(|1|, |2|, |3|). From ||6a, |1|2a
and  = 1 + 2 + 3, we can get  · 3 > 0.
(i) If || ∼ |3|. We have the estimate either
min(|1|, |2|)C|| or min 1
C
(|− 1|, |− 2|) ||?min(|1|, |2|).
In fact, the ﬁrst condition does not exist. For 24(1− b)+ 13 , we obtain
K(, 1, 2, 3)
(|− 1||− 2|(+ 3)2)1−b C|3|
1
3 .
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(ii) If ||>|3| or ||?|3|. Then we have
max(|3|, ||) ∼ |1 + 2|Cmax(|1|, |2|)Cmax(|− 1|, |− 2|).
Then for 2s + 3(1− b)+ 13 , we have
K(, 1, 2, 3)
(|− 1||− 2|(+ 3)2)1−b C|3|
1
3 .
Then  restricted to two domains are bounded by respectively
C‖F0‖L2xL2t ‖F 1b′ ‖L6xL6t ‖F 2b′ ‖L6xL6t ‖D
1
3
x P
2aF 3b′ ‖L6xL6t
C‖f ‖L2L2‖f1‖L2L2‖f2‖L2L2‖f3‖L2L2 ,
by Lemmas 2.6, 2.8 and 2.10.
Subcase 2: Next we assume |1|2a and |2|2a.
(i) If || ∼ |3|. We have the estimate either
min(|1|, |2|)C|| or min 1
C
(|− 1|, |− 2|) ||?min(|1|, |2|).
The ﬁrst condition yield the boundedness for 22s + 2(1− b)+ 13 ,
K(, 1, 2, 3)
(|− 1||− 2||21 + 22|)1−b
C|3|
1
3 .
Next, we consider the second condition.
If  · 3 < 0, then we have || ∼ |3| max(|1|, |2|) which follows from the fact
− 3 = 1 + 2. Then for 2s + 4(1− b)+ 13 , we obtain
K(, 1, 2, 3)
(|− 1||− 2||21 + 22|)1−b
C|3|
1
3 .
If  · 3 > 0, then for 24(1− b)+ 13 , we obtain
K(, 1, 2, 3)
(|− 1||− 2|(+ 3)2)1−b C|3|
1
3 .
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From (4.2), by Lemmas 2.6, 2.8 and 2.10,  restricted to this domain is bounded
by
C‖F0‖L2xL2t ‖F 1b′ ‖L6xL6t ‖F 2b′ ‖L6xL6t ‖D
1
3
x P
2aF 3b′ ‖L6xL6t
C‖f ‖L2L2‖f1‖L2L2‖f2‖L2L2‖f3‖L2L2 .
(ii) If ||>|3| or ||?|3|. Then we have
max(|3|, ||) ∼ |1 + 2|Cmax(|1|, |2|)Cmax(|− 1|, |− 2|).
Then we have for 2s + 3(1− b)+ 13
K(, 1, 2, 3)
(|− 1||− 2||21 + 22|)1−b
C|3|
1
3 .
Similarly with the above, we can get the results.
This completes the proof of Theorem 4.4. 
Before we prove the following theorem, we ﬁrst introduce the following notions.
 = 1 + 2 + 3 + 4 + 5,  = 1 + 2 + 3 + 4 + 5.
 = + 2 − 4, j = j + 2j − 4j , j = 1, 2, 3; ¯j = j − 2j + 4j ,
j = 4, 5.
Theorem 4.5. If s − 13 , 12 < b < 712 , 12 < b′. Then we have
‖u1u2u3u¯4u¯5‖Xs,b−1C‖u1‖Xs,b′ ‖u2‖Xs,b′ ‖u3‖Xs,b′ ‖u4‖Xs,b′ ‖u5‖Xs,b′ . (4.9)
Proof. By duality and the Plancherel identity, it sufﬁces to show that
=
∫

〈〉s f¯ (, )〈〉1−b Fu1(1, 1)Fu2(2, 2)Fu3(3, 3)F u¯4(4, 4)F u¯5(5, 5) d
=
∫

〈〉s∏5j=1 〈j 〉s
〈〉1−b∏3j=1 〈j 〉b′ ∏5j=4 〈¯j 〉b′ f¯ (, )f1(1, 1)f2(2, 2)f3(3, 3)f4(4, 4)
×f5(5, 5) d
C‖f ‖L2
5∏
j=1
‖fj‖L2
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for all f¯ ∈ L2, f¯ 0, where fj = 〈j 〉s〈j 〉b′ ûj , j = 1, 2, 3; fj = 〈j 〉s〈¯j 〉b′ ̂¯uj ,
j = 4, 5.
Let
FFj (, ) = fj (, )
(1+ |+ 2 − 4|) , j = 1, 2, 3.
FFj (, ) = fj (, )
(1+ |− 2 + 4|) , j = 4, 5.
We consider the most interesting case s0 and let r = −s. Let
K(, 1, 2, 3, 4, 5) = 〈1〉
r 〈2〉r 〈3〉r 〈4〉r 〈5〉r
〈〉r .
For simplicity, we only show
K(, 1, 2, 3, 4, 5)C
∏5
j=1(2a + |j |2a|j |r )
〈〉r .
Then  is bounded by
C‖F1−b‖L6xL6t
5∏
j=1
‖(F j
b′ +D
1
3
x P
2aF
j
b′)‖L6xL6t C‖f ‖L2L2
5∏
j=1
‖fj‖L2L2 ,
by Lemmas 2.6, 2.8 and 2.10 for r 13 and b <
7
12 . 
5. Local well-posedness
We shall give the proof of Theorem 1.1.
For u0 ∈ Hs(s 12 ), we deﬁne the operator
(u) = 	1(t)S(t)u0 − i	1(t)
∫ t
0
S(t − t ′)	(t ′)F (u(t ′)) dt ′
and the set
B = {u ∈ Xs,b : ‖u‖Xs,b2C‖u0‖Hs }.
We will show that  is a contraction map from B onto B.
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By Theorems 4.1–4.5 and Lemmas 3.1–3.2, for b < b′ < 712 , we obtain the next
chain of inequalities
‖(u)‖Xs,b  C‖u0‖Hs + C‖	F(u)‖Xs,b−1
 C‖u0‖Hs + Cb′−b(‖u‖3Xs,b + ‖u‖5Xs,b )
 C‖u0‖Hs + Cb′−b(‖u0‖2Hs + ‖u0‖4Hs )‖u‖Xs,b .
Therefore, if we ﬁx  such that Cb
′−b(‖u0‖2Hs + ‖u0‖4Hs ) 12 , then
(B) ⊂ B.
Let (u1, u2) ∈ B. In analogous way as above, we obtain
‖(u1)− (u2)‖Xs,b 12‖u1 − u2‖Xs,b .
Therefore,  is a contraction map on B. Thus we can obtain a unique ﬁxed point
which solves Cauchy problem (1.1)–(1.2) for T < 2 .
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